Abstract. We obtain finiteness theorems for algebraic cycles of codimensions 3 and 4 on quadric fibrations over curves over perfect fields.
Introduction
A well-known conjecture of S.Bloch asserts that the Chow ring of a smooth projective variety over a number field is a finitely generated abelian group. In connection with this conjecture, a number of authors have studied 0-cycles on (generically smooth) quadric fibrations π : X → C of relative dimension d ≥ 1 over smooth integral curves C. In [4] , M.Gros studied 0-cycles of degree 0 on conic fibrations (i.e., d = 1) over a number field k. The main result of that paper, obtained by K-theoretic methods, was the finiteness of Ker (A 0 (X) → A 0 (X) Γ ), where A 0 (X) denotes the Chow group of 0-cycles of degree 0 on X, X = X × Spec k Spec k and Γ = Gal k/k . Further progress was made by J.-L.Colliot-Thélène and A.Skorobogatov [1] . These authors established the finiteness of the group
when k is a number field or a local field and d = 2. To obtain this result, they first established an isomorphism
for any fibration X → C satisfying certain assumptions, chiefly the vanishing of the groups A 0 (X y ) associated to the closed fibers X y (thus, in particular, CH 0 (X y ) tors = 0 for all closed points y ∈ C). Here k(C) Y → C is a certain conic fibration over a "discriminant curve" C covering C. Using the results of Gros mentioned above, these authors were thus able to establish the finiteness of CH 0 (X/C) when C is geometrically integral and k is a number field or a local field. The next step in the study of CH 0 (X/C) was taken by R.Parimala and V.Suresh [10] , who used the methods of [1] . These authors established the vanishing of A 0 (X) for smooth Pfister quadric fibrations X over conics C (of arbitrary relative dimension and defined over any field of characteristic different from 2). They showed, further, that A 0 (X) vanishes as well if X η is arbitrary and either C = P 1 or k is a number field or a field of 2-cohomological dimension ≤ 2. For possibly non-smooth quadric fibrations over curves C of arbitrary genus, Parimala and Suresh established the finiteness of CH 0 (X/C) over a local field k. Over number fields, they were able to establish the finiteness of CH 0 (X/C) (and therefore the finite generation of CH 0 (X)) for certain "admissible" quadric fibrations whose generic fiber is defined by a Pfister neighbor of dimension ≥ 5. Such is the current state of progress towards obtaining a proof of Bloch's conjecture for quadric fibrations over curves. In this paper we obtain further results in this direction. More precisely, using methods analogous to those developed in [3] to study algebraic cycles on (certain types of) Severi-Brauer fibrations over curves, we obtain the following results. 
Preliminaries
Let k be a perfect field of characteristic different from 2 and let k be a fixed algebraic closure of k. Write Γ = Gal k/k and let C be a smooth, projective and geometrically integral k-curve with function field k(C) and generic point η. A quadric fibration over C, of relative dimension d ≥ 1, is a pair (X, π) consisting of a smooth, projective and geometrically integral k-variety X and a morphism π : X → C such that each point y ∈ C has an affine neighborhood Spec A(y) with X × C Spec A(y) isomorphic to a (possibly singular) quadric in P d+1 A(y) . We assume that (X, π) is generically smooth, i.e., that
Remark 2.1. Since we have assumed that X is smooth, the class of quadric fibrations considered in this paper is narrower than that considered in [10] . We impose this smoothness condition in order to be able to apply [11, Corollary 2.3] .
For each y ∈ C, we let q y be a fixed quadratic form over the residue field k(y) defining the quadric X y = X × C Spec k(y) (in particular, q y has rank d + 2). For any k-variety Y , Y 0 will denote the set of closed points of Y . Clearly, there exists a finite set S ⊂ C 0 such that, for every y ∈ U := C \ S, X y is a smooth quadric. For any y ∈ C, we will write q ns y for the nonsingular part of q y and X ns y for the smooth projective k(y)-quadric defined by q ns y . We set d y = dim X ns y . Then X ns y = X y for all y ∈ U and d y < d if y ∈ S. Now, by [7, §1.1], for each y ∈ S there exists a canonical isomorphism of abelian groups
The finite set of closed points of C lying above the points in S will be denoted by S. Further, k [U ] will denote the ring of regular functions on U := C \ S. Note that, if y ∈ U 0 and y is the closed point of C lying below y, then X y = X y × Spec k(y) Spec k(y) is a smooth split quadric over k(y) = k. Let η be the generic point of C. Then, by Tsen's theorem, 
(b) There exists a canonical isomorphism
Proof 
Proof. For both statements see [6] 
where the bottom map is an isomorphism by Lemma 2.2(b). Since CH p (Y L ) = Z with trivial Galois action by Lemma 2.2(a), we have
The proposition is now immediate from Lemma 2.3(b).
We will need the following basic fact: if M is a Γ -module which is finitely generated as an abelian group, then H 1 (Γ, M) is a group of finite exponent. Indeed, if L is a finite Galois extension of k contained in k which trivializes M, G = Gal(L/k) and H = Gal(k/L), then the inflation-restriction exact sequence in Galois cohomology yields an exact sequence
The left-hand group above is finite and the right-hand group is annihilated by the order of M tors . This proves our claim. Note that, if M is free, then H 1 (Γ, M) is in fact finite.
The basic exact sequence
By Lemma 2.2(a) and the discussion that precedes it, for any p such that 1 ≤ p ≤ d + 1 and any y ∈ U (including y = η), there exist isomorphisms of abelian groups
is in fact an isomorphism of Γ -modules. If y / ∈ U, then (1) and Lemma 2.2(a) yield isomorphisms of abelian groups
On the other hand, if p − 1 = d/2, then, by Lemma 2.2, there exists a canonical isomorphism of Γ -modules
Now let p be any integer such that 1 ≤ p ≤ d + 1 and
There exists a canonical homomorphism of Γ -modules
Let δ p , U be the composite
where the second map is the canonical projection. Further, recall the divisor map div : k(C) * → y∈U 0 Z, which is the homomorphism of Γ -modules given by f → (ord y (f )) y∈U 0 . Then, under the identifications (2) and (4), δ p , U corresponds to div. Since Ker(div) = k [U ] * and Coker(div) = CH 0 (U ), we conclude that there exist canonical isomorphisms of Γ -modules
Now the kernel-cokernel exact sequence associated to (5), together with the identifications (6)and (7), yields an exact sequence
Note that, by (3), the middle group in the above exact sequence is free and finitely generated. 
Proof. By (8), there exists an exact sequence of Γ -modules
where A is free and finitely generated as an abelian group. We conclude that there exists an exact sequence
The image of the left-hand map in the preceding exact sequence is finite since A Γ is finitely generated and H 1 Γ, Ker δ p is torsion. On the other hand, by Hilbert's Theorem 90,
, which is finite since k [U ] * k * is free and finitely generated (in fact, k [U ]
* k * injects into Div S C , the group of divisors on C with support in the finite set S). This completes the proof.
In this case, therefore,
Again, assume that p is an integer such that 1 ≤ p ≤ d + 1 and
where Φ p is induced by res and the bottom row is exact by (4) and Hilbert's Theorem 90. Applying the snake lemma to the above diagram, we obtain the following result. 
where, for each y ∈ C 0 , we have fixed a closed point y ∈ C 0 lying above y and written Γ y = Gal k/k(y) . If y ∈ S, then it follows from (1) that
By Lemma 2.3(a), the above equality also holds if y ∈ U 0 . Set
Then, applying the snake lemma to (12) using (11) and Lemma 2.3(a), we obtain an exact sequence (14)
Then there exists a canonical exact sequence
where
Proof. This is immediate from (14) and Corollary 3.4.
We conclude this Section by giving a sufficient condition under which CH p (X ) Γ is finitely generated. Let J C denote the Jacobian variety of C.
Lemma 3.6. If J C (k) is finitely generated, then so also is Pic(U ) Γ .
Proof. The well-known exact sequence 0
Γ is finitely generated. Now, by [2, Proposition 1.8, p.21], there exists a canonical exact sequence of Γ -modules
where P C, U is a finitely generated abelian group. The above exact sequence induces an exact sequence
where the right-hand group has finite exponent m (say). It follows that Pic(U ) Γ is a quotient of the inverse image of Pic(C ) Γ under the multiplication-by-m map m : Pic(C ) → Pic(C ). Since Pic(C ) m−tors = J C (k ) m−tors is finite, the proof is complete. 
Proof. By the exactness of the sequence
(see (10) ) and Lemma 2.2(a), it suffices to check that (Coker δ p ) Γ is finitely generated. The exactness of the sequence
(see (8) ) together with (1) and Lemma 2.2(a) show that (Coker δ p ) Γ is finitely generated if CH 0 (U ) Γ = Pic(U ) Γ is finitely generated. The proposition is now immediate from the previous lemma.
Remark 3.8. If C is a conic, then J C (k) = 0 is finitely generated for any field k. On the other hand, if k is finitely generated over its prime subfield, then J C (k) is finitely generated ("Néron's theorem").
Cycles of codimensions 3 and 4
The following statement collects together several results of N.Karpenko. Proof. See [6] , [8] and [9] . Now recall the group (a) k is finitely generated over Q, or (b) C is a conic. Then CH 3 (X) is finitely generated.
Proof. This is immediate from Proposition 3.7, Remark 3.8 and the theorem. (a) k is finitely generated over Q, or (b) C is a conic. Then CH 4 (X) is finitely generated.
